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Non-classical correlations arising in complex quantum networks are attracting growing interest,
both from a fundamental perspective and for potential applications in information processing. In
particular, in an entanglement swapping scenario a new kind of correlations arise, the so-called
nonbilocal correlations that are incompatible with local realism augmented with the assumption that
the sources of states used in the experiment are independent. In practice, however, bilocality tests
impose strict constraints on the experimental setup and in particular to presence of shared reference
frames between the parties. Here, we experimentally address this point showing that false positive
nonbilocal quantum correlations can be observed even though the sources of states are independent.
To overcome this problem, we propose and demonstrate a new scheme for the violation of bilocality
that does not require shared reference frames and thus constitute an important building block for
future investigations of quantum correlations in complex networks.
I. INTRODUCTION
Bell’s theorem [1] shows that quantum mechanical
correlations can violate the constraints imposed by any
classical explanation based on local realism, the phe-
nomenon known as Bell non-locality. To prove the
emergence of quantum nonlocal correlations it is suffi-
cient to consider a very simple causal structure, where
distant parties perform different measurements on their
shares of a quantum entangled system. The classical
description of this scenario defines the so-called local
hidden variables (LHV) models, which have been widely
studied [2], up to the recent loophole-free experimental
tests [3–5] that have conclusively ruled out such causal
models as a possible explanation for quantum phenom-
ena.
Recently, generalizations of Bell’s theorem for more
complex causal structures have attracted growing atten-
tion [6–16]. Exploring the incompatibility of quantum
and classical descriptions in more general scenarios is
of fundamental importance to understand the role of
causality within quantum theory [17–24] and promises
novel routes for quantum information processing in
quantum networks of increasing complexity. A new
and important feature of such networks, as for exam-
ple in quantum repeaters [25], is the fact that typically
the correlations between the distant parties are medi-
ated by several independent sources of quantum states.
The simplest example is an entanglement swapping ex-
periment [26], where a central node (Bob) shares two in-
dependent quantum states with two other uncorrelated
parties (Alice and Charlie) and by jointly measuring the
particles in his possession can generate entanglement
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between them. A precise classical description of this ex-
periment must include the independence of the sources,
which introduces the so called bilocality assumption in
Bell’s theorem [6, 7]. Importantly, as shown in recent
experiments [27, 28], there are correlations that admit a
LHV model but nonetheless are incompatible with the
bilocality assumption.
In this work we focus on related and yet unexplored
aspects of the bilocality scenario. First, we experimen-
tally verify a novel route to certify nonbilocal quantum
correlations, performing only single qubit operations,
as opposed to the results in [27, 28] that require en-
tangled measurements. We then investigate the impor-
tance of the independence between Alice and Charlie,
in particular in relation with the necessity of sharing a
reference frame (RF) between the parties [30–35]. While
in a usual Bell test shared RFs do not change the causal
structure under test, this is no longer true in a bilocal-
ity test since they can establish hidden correlations be-
tween parties that are assumed to be independent. We
experimentally verify this point by showing that non-
bilocal correlations may arise even though only classical
channels are shared between the parties, thus leading
to false positive quantumness. We thus study how this
independence can be ensured, by proposing and imple-
menting a scheme which violate a bilocality inequality
without the need of shared RFs. Our results thus show
that bilocality violation is a feasible and reliable method
to certify quantum correlations in a tripartite scenario.
II. WITNESSING NONBILOCALITY WITH SEPARABLE
MEASUREMENTS
The classical description of a tripartite Bell scenario
depends on the precise causal structure under test. In
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2FIG. 1. Directed acyclic graphs (DAGs) [29] representing tripartite causal structures. Nodes represent random variables while
arrows represent their causal relations. Blue circles show variables related to measurements outcomes; green squares represent
measurement choice inputs and orange blunt rectangles represent hidden variables. (a) Tripartite LHV model where the central
node B is made of two substations BA and BC, driven by the same measurement choice y. (b) BLHV model with the two
independent hidden variables λ1 and λ2 mediating the correlations. (c) Classical representation of the previous scenario when
allowing for shared randomness between A and C (red rectangle). (d) Pictorial representation of the structure of the correlations
in the three subpanels a, b and c.
a usual Bell scenario, one assumes that the correla-
tions between all distant parties are mediated by a sin-
gle common hidden variable, the standard LHV model,
which is depicted in Fig. 1-a. However, in a scenario
akin to entanglement swapping, the fact that particles
are generated in two distinct and separated sources is
taken into account by considering two different and
causally independent hidden variables λ1 and λ2, lead-
ing to the definition of a bilocal hidden variable (BLHV)
model (Fig. 1-b). If Alice, Bob and Charlie measure two
possible dichotomic observables each (A0, A1, B0, B1,
C0 and C1), any correlation compatible with this model
respects the inequality [7]
B =
√
|I|+
√
|J| ≤ 1, (1)
with I = 14 ∑〈AxB0Cz〉, J = 14 ∑(−1)x+z〈AxB1Cz〉,
(summing on x, z = 0, 1) and where 〈AxByCz〉 =
∑(−1)a+b+cp(a, b, c|x, y, z) (summing on a, b, c = 0, 1).
Imposing the same causal structure to quantum me-
chanics we can generate correlations violating inequal-
ity (1), the so-called nonbilocal correlations that are in-
compatible with a BLHV model. As experimentally
shown in Refs. [27, 28] using photons entangled in
polarization, a violation of bilocality can be witnessed
even when the experimental data is compatible with a
LHV model, thus demonstrating a new form of quan-
tum nonlocality. However, these experiments consider
a scenario where the central node B is assumed to per-
form a complete Bell-state measurement with four pos-
sible outcomes, something that is impossible with lin-
ear optics [36]. In practice this implies that such realiza-
tions have to rely on the precise quantum description of
the experiment, that is, we have a device-dependent test
of nonbilocality. It is then natural to consider whether a
device-independent test of bilocality –where we do not
have to rely on the precise description of the measure-
ments but only on the empirical data– is possible.
Notably it can be shown that QM can exhibit non-
bilocal correlations also in case where all parties only
perform single qubit operations (i.e. σx, σz, σy and
linear combinations). Such measurements can be per-
formed with linear optics, then allowing for a device-
independent test of bilocality. For instance, inequality
(1) is violated if (A, B) and (B, C) respectively share
a pair of photons in a singlet state and perform the
following measurements: A0 = C0 = (σx + σz)/
√
2,
A1 = C1 = (σx − σz)/
√
2 and By = (1− y)(σx ⊗ σx) +
y(σz ⊗ σz) [13, 37]. Since all parties only perform single
qubit operations this scenario is equivalent to consider-
ing outcome B as a function of two individual outcome
BA and BC, both driven by the measurement choice Y
(Fig. 1-b).
We experimentally witness quantum nonbilocality
exploiting only separable measurements, using a pho-
tonic setup where two independent pairs of photons
(1-2 and 3-4 in figure Fig. 2) are generated by a type-
II Spontaneous Parametric Down-Conversion process
(SPDC) in two separated crystals. One photon of each
source is then directed to one of two different measure-
ment stations (photon 1 to Alice and photon 4 to Char-
lie) where polarization analysis is performed by using a
Half-Wave Plate (HWP) followed by a Polarizing Beam
Splitter (PBS). Photons 2 and 3 instead are separately
sent to the two substations BA and BC where two polar-
ization analysis are performed, analogously to the ones
performed in stations A and C. Within this scheme, we
obtain B = 1.2712± 0.0042, witnessing a violation of (1)
of almost 65 sigmas.
3FIG. 2. Experimental setup. Two separated non-linear
crystals (EPR1 and EPR2) generate polarization-entangled
photons pairs via spontaneous parametric down conversion
(SPDC) process. Photons 1 and 4 are directed to Alice’s and
Charlie’s stations respectively, where the analysis in polariza-
tion of a particular observable is performed by using a mo-
torized HWP and a Polarizing Beam Splitter (PBS). Photons 2
and 3 are directed to the two different substations BA and BC
where an analogous analysis is performed.
III. QUANTUM NONBILOCALITY MIMICKED BY
SHARED RANDOMNESS
When performing a bilocality test, it is essential to en-
sure that the experiment actually has the causal struc-
ture as the one depicted in Fig. 1-b. In particular, one
has to guarantee that Alice and Charlie do not have
access to any shared randomness. At first, this as-
sumption may seem to be straightforwardly ensured
by preparing a quantum state in the form $AB ⊗ $BC,
indeed guaranteeing that Alice and Charlie are uncor-
related. However, when performing Bell tests, it is
usually necessary to establish a shared RF between the
measurement devices [30–35]. While this is generally a
practical rather than a fundamental issue, in a bilocality
scenario the communication required to establish a RF
could also be used to establish undesired correlations
between parties that are assumed to be independent.
Therefore, in this case, we cannot guarantee that the ex-
perimental setup fulfills the bilocality assumption any-
more. In fact, as we show next, it is sufficient to allow
for some shared randomness between Alice and Charlie
(Fig. 1-c) to classically simulate nonbilocal correlations.
We experimentally show this phenomenon exploiting
two pairs of photons in a state $AB ⊗ $BC, where $AB =
$BC =
√
v(|HH〉〈HH| + |VV〉〈VV|)/2 + (1 − √v)I/4
(see Appendix A for state generation details). Both
pairs of photons are in a classical mixture of sepa-
rable states and thus, if the bilocal causal structure
(Fig. 1-b) is imposed, no violation of the inequality
(1) should be observed. That is not the case if Alice
and Charlie share some underlying correlations, rep-
resented in Fig. 1-c by a binary variable λSR. Making
use of this shared randomness and using the measure-
ment settings A0 = A1 = C0 = C1 = σz and BA0 =
BC0 = B
A
1 = B
C
1 = σz we can exactly simulate quan-
tum correlations. To that aim, when λSR = 0 the par-
ties perform a usual bilocality test applying the afore-
mentioned settings. When λSR = 1, Alice and Charlie
apply a post-processing to their outcomes multiplying
them by (−1)x and (−1)z, respectively. This leads to
the two probabilities p0 ≡ p(a, b, c|x, y, z,λSR = 0) and
p1 ≡ p(a, b, c|x, y, z,λSR = 1), where:
pk = v
1
8
[
1+ (−1)a+c+b+k(x+z)
]
+ (1− v)1
8
(2)
These two distributions are bilocal for all v. However,
using their shared randomness, Alice and Charlie can
mix their strategies in a correlated manner and obtain
p(a, b, c|x, y, z) = (p0 + p1)/2, which violate (1) for any
v > 1/2.
Our experimental results are shown in Fig. 3. The
blue circles represent the case of no shared random-
ness, with the measurement outputs defined by the λ0
or λ1 prescriptions. As expected, these points are in-
side the bilocal set, showing an experimental value of
B = 0.892± 0.062, which is compatible with (1) by al-
most 2 sigma. The red square shows how the mix-
ing of these two probabilities gives a nonbilocal point
with B = 1.180± 0.034, meaning a bilocality violation
of more than 5 sigma. This shows that the indepen-
dent preparation of two quantum states $AB and $BC
is not sufficient to justify the bilocality assumption and
thus guarantee the observation of truly quantum corre-
lations in this tripartite network.
IV. VIOLATION OF BILOCALITY WITHOUT SHARED
REFERENCE FRAMES BETWEEN SOME OF THE
STATIONS
In view of this result, any experimental observation
of nonbilocality requiring the use of shared RFs (that
may generate correlations between Alice and Charlie)
is highly unsatisfactory. Thus, to turn the violation of a
bilocality inequality into a reliable test of non-classical
behaviour is crucial to ask: is it possible to observe non-
bilocal correlations even in the absence of shared RFs?
To answer in positive to this question, we consider a few
relevant situations. In the following we focus on a sce-
nario where only Alice and Bob share a RF. We describe
a new scheme allowing for the violation of bilocality in
this case as well as an experimental implementation of
it. In the next section we also propose a scheme allow-
ing for witnessing nonbilocality in the absence of any
shared RF and in the Appendix we finally address the
case when no local calibration of measurement devices
is ensured.
First, we notice that defining ~ai, ~bAi , ~b
C
i , ~ci as the
measurements vectors associated to Ai, BAi , B
C
i and Ci,
4FIG. 3. Nonbilocal correlations from shared randomness.
Green shaded area within the dotted lines shows the bilocal
set in the I, J plane, while the bold green line bounds the local
set (that includes the bilocal one). Blue circle points show the
experimental results for a fixed distribution (2), while the red
square point represents the equal mixing of these two points
(i.e. shared randomness). Error bars are due to poissonian
statistics.
the bilocality parameter B can be written as
B = 1
2
√∣∣(~a0 +~a1) · T$AB~bA0 ∣∣ ∣∣~bC0 · T$BC (~c0 +~c1)∣∣+
1
2
√∣∣(~a0 −~a1) · T$AB~bA1 ∣∣ ∣∣~bC1 · T$BC (~c0 −~c1)∣∣,
(3)
where the matrix T$AB has components (t$AB)ij =
Tr
[
$AB σi ⊗ σj
]
, and similarly for T$BC . Equation (3)
makes clear that the value of B is simply given by the
Bloch sphere geometry between the vectors ~ai and ~bAj
and between ~ci and~bCj . This implies that even if A and
BA share a reference frame which is different from the
one shared between C and BC (that is, even though sta-
tions A and C do no share a common RF) we can still
obtain maximum violation of (1). This scenario can be
of particular experimental interest when two different
and independent channels are used to implement the
calibration between the A and BA and C and BC mea-
surement devices. However, it still depends on the as-
sumption that no internal calibration between BA and
BC is taking place.
A more satisfactory situation from the device-
independence perspective is one where only A and
BA share common a reference frame, thus guarantee-
ing that no correlation will be established between A
and C. To tackle this case let us consider $AB =
$BC = |ψ−〉〈ψ−| and Ax = (σz + (−1)xσx)/
√
2, BAy =
yσx + (1− y)σz. From equation (3) one can show that if
C and BC perform 3 different measurements belonging
to an orthogonal triad ({~cj} or {~bk}), then the following
statement holds
∀ R.F.s between C and BC, ∃~cγ ~cγ′ ∈ {~cj}
& ~bCβC
~bC
β′C
∈ {~bCk } such that
B(~cγ,~cγ′ ,~bCβC ,~bCβ′C ) ≥
4
√
2 ∼ 1.19,
(4)
where {~cj} and {~bCk } define orthonormal triads.
Proof. If $AB = $BC = |ψ−〉〈ψ−| and Ax = (σz +
(−1)xσx)/
√
2, BAy = yσx + (1− y)σz, from equation (3)
of the main text we get
B =
4
√
2
2
(√∣∣−~bC0 · (~c0 +~c1)∣∣+√∣∣−~bC1 · (~c0 −~c1)∣∣) =
4
√
2
2
(√∣∣E00 + E10∣∣+√∣∣E11 − E01∣∣),
(5)
where we introduced the correlator Ejk = −~cj ·~bCk . Let
C and BC perform 3 different measurements belonging
to an orthogonal triad ({~cj} or {~bk}). It was shown [32]
that in this scenario two couples of measurements exist
such that the following inequalities hold
E00 + E10 ≥ 1,
E11 − E01 ≥ 1,
(6)
leading to
B =
4
√
2
2
(√∣∣E00 + E10∣∣+√∣∣E11 − E01∣∣) ≥ 4√2. (7)
This statement shows thus that is always possible to
observe a bilocality violation regardless of the RFs cho-
sen in stations C and BC, with a minimum value given
by Bmin ≥ 4
√
2 ∼ 1.19.
We experimentally addressed this point by using a
HWP followed by a Liquid Crystal on the path leading
to station C. These two elements work as a black-box
which allows us to rotate one of the two qubits all over
its Bloch sphere, before it reaches the measurement sta-
tion. By choosing random settings, it is thus possible
to explore a fair subset of all the possible random uni-
taries which may occur when stations C and BC do not
share a common reference frame (see Appendix B for
further details).
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FIG. 4. Experimental test of bilocality with random reference frames between stations BC and C. a) Distribution on the
Bloch sphere of the performed unitaries for all the experimental points. Red cubes represent points chosen with a uniform
pseudo-random distribution, while blue spheres were chosen using the human-random strings provided by the BIG Bell Test
[38]. The orange pyramid depicts the identity unitary. b) Amount of violation for all the different randomized unitaries. Given
a unitary transformation Ui green empty circles show the parameter B for those inequalities (out of 81, considering the different
settings and symmetries of (1)) which violate the bilocality condition, except for the maximal violation which is represented
with a orange triangle, red squares or blue disks (corresponding, respectively, to the pyramid, cubes and spheres of subpanel
a). Error bars indicates one standard deviation of uncertainty, due to Poissonian statistics. The orange straight (dashed) line
shows the theoretical mean (minimum) violation expected for the maximum points (orange triangle, red squares and blue disks)
considering our subset of unitaries, while the red dot-dashed line represents their experimental mean value. The shaded areas
display one standard deviation of uncertainty, both for the experimental mean value and for the theoretical expectations due to
the experimental estimation of noise. The black dotted line indicates the bilocality violation bound.
Our experimental results are shown in figure 4. Red
cubes/squares represent random settings chosen ac-
cordingly to a uniform distribution over the Bloch
sphere, while blue spheres/disks exploit human ran-
domness provided by the BIG Bell Test experiment [38].
Figure 4-a shows these shifts on the Bloch sphere, while
figure 4-b displays, with red squares and blue disks,
the best B value obtained considering all settings com-
binations (and symmetries of inequality (1)), for each
random unitaries. The red dot-dashed line shows the
mean value of all these points, which is in good agree-
ment with the theoretical expected value (considering
our amount of noise) for our subset of unitaries (or-
ange line). We found at least one value higher than the
expected lower bound of 4
√
2 (corrected with our noise)
for all random unitaries, which is represented by the
orange dashed line. It is remarkable that, at the cost of
performing 3 instead of 2 measurements in C and BC,
we can still obtain bilocality violations even when one
of the parties shares no RF at all with the other parties.
V. COMPLETE ABSENCE OF SHARED REFERENCES
FRAMES
We will analyze now the case when none of the par-
ties share a reference frame with each other. We will
start proving the following statement
∀ misaligned R.F.s ∃~aα ~aα′ ∈ {~ai} & ~bAβA ~bAβ′A ∈ {
~bAn }
& ~cγ ~cγ′ ∈ {~cj} & ~bCβC ~bCβ′C ∈ {
~bCk } such that
B(~aα,~aα′ ,~bAβA ,~bAβ′A ,~cγ,~cγ′ ,
~bCβC ,
~bC
β′C
) > 1.
(8)
Proof. Let us define EAjk = −~aj ·~bAk and ECjk = −~cj ·~bCk .
The bilocal parameter B can be expressed as
B = 1
2
(√∣∣EA00 + EA10∣∣√∣∣EC00 + EC10∣∣+√∣∣EA11 − EA01∣∣√∣∣EC11 − EC01∣∣).
(9)
We can make use of inequalities 6, which are valid
for both EAjk and E
C
jk, in order to show that
B2 = 1
4
( ∣∣EA00 + EA10∣∣∣∣EC00 + EC10∣∣+ ∣∣EA11 − EA01∣∣∣∣EC11 − EC01∣∣+
2
√∣∣EA00 + EA10∣∣∣∣EA11 − EA01∣∣∣∣EC00 + EC10∣∣∣∣EC11 − EC01∣∣ ) ≥
1
4
(∣∣EA00 + EA10∣∣+ ∣∣EA11 − EA01∣∣+ 2) > 1,
(10)
6where, in the last step, we used the fact that EA00 + E
A
10 +
EA11 − EA01 > 2 in case {~ai} and {~bAn } are not aligned ref-
erence frames [32]. In case {~ai} and {~bAn } are aligned
then it is possible to perform analogous calculations
which still prove the theorem under the assumption
that {~cj} and {~bCk } are not aligned. We stress that, for
random triads, the probability of perfect alignment be-
tween all the triads is null.
This statement proves that it is still possible to
witness a bilocality violation, even if none of the parties
shares a common reference frame, at the only cost of
performing 3 measurements per station belonging to
an orthogonal triad. Numerical analysis of this case
was also performed, and the results are in agreement
with the analytical conclusions. All these calculations,
however, rely on the presence of local calibration in
all of the stations, which allows to perform orthogonal
measurements. Without this assumption one can only
have a certain probability of witnessing a bilocality
violation, which can be increased performing more
measurements per party (see Appendix B).
VI. SUMMARY AND CONCLUSIONS
Generalizations of Bell’s theorem for complex net-
works open novel routes both from fundamental and
applied perspectives. Understanding the role of causal-
ity within quantum mechanics remains a notoriously
thorny issue to which causal structures beyond the one
originally devised by Bell can offer new insights [18, 21–
23]. Further, these more complex networks also have
the potential to increase our capabilities to process in-
formation in a non-classical way, since they allow for
the emergence of new kinds of quantum nonlocal cor-
relations, in particular the so-called nonbilocality. From
the experimental side, these new scenarios introduce
new possibilities but also new challenges to be circum-
vented.
In this work we have taken the next step in the experi-
mental investigation of the bilocality scenario. First, we
have shown that one can violate a bilocality inequal-
ity using only separable measurements, as opposed to
recent experiments [27, 28] that require full Bell-state
measurements and can only be performed using linear
optics if further assumptions are employed, being thus
unsatisfactory from a device-independent perspective.
Second, we experimentally demonstrated how the pres-
ence of shared randomness between Alice and Charlie
can be used to mimic quantum nonbilocal correlations
with classical mixtures of separable states. This leads to
false positives on the violation of bilocality and impose
strict control on the use of shared reference frames be-
tween the distant parties involved in the Bell test. Third,
in order to deal with this last point, we developed and
experimentally verified novel procedures for witness-
ing nonbilocality even in the absence of common refer-
ence frames. Altogether, we believe these results con-
stitute a building block for the future analysis of the
non-classical correlations arising in complex quantum
networks.
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Appendix A: Generating separable states
We generate the two states $AB = $BC =
(|HH〉〈HH| + |VV〉〈VV|)/2 setting the compensation
HWPs placed after the BBO crystals to 0◦. Indeed, in
this way, a decoherence effect can be exploited in order
to destroy the entanglement between the photons. This
walk-off effect separates the H and V polarizations in
two different paths, which can be taken into account by
considering an additional path degree of freedom ζ for
the photons, which isn’t experimentally witnessed. In
the case where the walk-off is compensated, the states
$AB and $CB will be
$XB = Trζ [ |ψ−〉|ζ1 ζ1〉〈ψ−|〈ζ1 ζ1| ] = |ψ−〉〈ψ−|,(A1)
where X may represent either A or C. On the other
hand, setting the compensation HWP of photons 1 and
4 to 0◦, we have
|η〉 ≡ 1√
2
(|HH〉|ζ1 ζ1〉 − |VV〉|ζ2 ζ1〉), (A2)
$XB = Trζ [ |η〉〈η| ] = 12 (|HH〉〈HH|+ |VV〉〈VV|).
The initial quantum state is thus in the form $ABC =
$AB ⊗ $BC where
$AB = $BC =
√
v
2
(|HH〉〈HH|+ |VV〉〈VV|)+ (1−√v)I
4
,
(A3)
which takes into account the presence of white noise.
Appendix B: Noise estimation
We defined the noise parameter 0 ≤ V ≤ 1, by as-
suming that the noise which can be present in our ex-
perimental realization acts as a generic white noise (i.e.
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FIG. 5. Numerical analysis of the case when only A and BA have a common reference frame. a-b) Mean (minimum)
violation obtained for a growing population of N random misaligned frames. Each point refers to a population which is
totally independent from the other ones. The red line shows the violation bound (1.0), while the orange dashed line shows the
minimum bound of 4
√
2 derived in (7).
B2233 subset
Nonbilocality
Threshold
FIG. 6. Numerical analysis of the case B2233 with our experimental subset of random unitaries. The green surface display
B2233subset for all the possible values of γ1 and γ2, while the orange plane shows the nonbilocality threshold.
isotropic depolarization). Indeed if one considers the
two Werner states
$AB = vAB|ψ−〉〈ψ−|+ (1− vAB)I4 ,
$BC = vBC|ψ−〉〈ψ−|+ (1− vBC)I4 ,
(B1)
instead of two singlet states, then the expected bilo-
cality parameter becomes Bexp = VBtheo, where V =√
vABvBC.
We then took into account the experimental bilocality
violation that we obtained (paragraph Witnessing non-
bilocality with separable measurements of the main text) in
the case where a common reference frame for all parties
was present. This led to the estimation
V =
Bexp
Btheo =
(1.2712± 0.0042)√
2
= 0.8989± 0.0030.
(B2)
Appendix C: Numerical simulations
Shared reference frame between Alice and Bob - We will
provide a further insight on the first case discussed in
the main text, the one when only A and BA share a ref-
erence frame. Let us call B2233 the bilocality parameter
for the case where A and BA perform 2 measurements,
while C and BC can perform 3 measurements belonging
to an orthogonal triad. In order to perform numerical
simulations, one has to consider that a generic rotation
in a 3-dimensional space needs three parameters to be
identified (two for the choice of a rotation axis and one
for the angle of rotation). Equivalently we can consider,
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FIG. 7. Numerical analysis of the case when none of the parties have a common reference frame. a-b) Mean (minimum)
violation obtained for a growing population of N random misaligned frames. Each point is refers to a population which is
totally independent from the other ones. The red line shows the violation bound (1.0).
without loss of generality [39], the two frames
xBC = (sin βC, − cos βC, 0),
yBC = (cos βC, sin βC, 0),
zBC = (0, 0, 1),
xC = (sinγ1 cosγ2, − cosγ1, − sinγ1 sinγ2),
yC = (cosγ1 cosγ2, sinγ1, − cosγ1 sinγ2),
zC = (sinγ2, 0, cosγ2),
(C1)
We can then analyze all the combinations of 2 measure-
ments for C and 2 for BC and, for each random value
of βC, γ1 and γ2, we can take the one which maximizes
B2233. We performed several independent runs, with a
growing population N of random settings, leading to
Fig. 5. For a population of 105 random cases we ob-
tained a mean value (for the maximum violation, con-
sidering all combination of settings and the symmetries
of the bilocality inequality) of
〈B2233〉 ∼ 1.345, while
from Fig. 5-b it is evident that the lower bound is given
by 4
√
2.
In our experimental setup we are able only to explore
a subset of the random rotations which may occur with-
out the presence of a shared reference frame between C
and BC. We indeed are able to randomly rotate one of
the two entangled qubit all over its Bloch sphere, lead-
ing to the two triads
xBCsubset = (1, 0, 0),
yBCsubset = (0, 1, 0),
zBCsubset = (0, 0, 1),
xCsubset = (sinγ1 cosγ2, −cosγ1, − sinγ1sinγ2),
yCsubset = (cosγ1 cosγ2, sinγ1, − cosγ1 sinγ2),
zCsubset = (sinγ2, 0, cosγ2).
This subset of random unitaries depends only on two
parameters (γ1 and γ2) and can be represented by a
surface in a 3 dimensional space (Fig. 6). We evaluated
the mean violation for this case by numerically integrat-
ing this surface, obtaining
〈B2233subset〉 ∼ 1.359 and a lower
violation of 4
√
2.
These results indicate, with good confidence, that the
subset of random unitaries which was experimentally
explored is a fair sample of the general random ro-
tations set that may occur without a shared reference
frame between C and BC. Indeed, the numerical simula-
tions show that the mean value expected for our exper-
imental subset of unitaries is given by 〈Bsubset〉 ∼ 1.359,
quite close to the mean value of 〈B〉 ∼ 1.345 obtained
when exploring the whole set of unitary transforma-
tions . Moreover both sets are bounded by the lower
value of 4
√
2, thus reinforcing that our experimental
setup provides a good sampling of random unitaries.
All these simulations were derived adopting a uni-
form distribution for the rotation parameters. Although
this is not the most general distribution, we believe it is
the most suitable to model the experimental case.
In Fig. 4 of the main text we presented our experi-
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FIG. 8. Numerical analysis of the case when no local calibration is ensured. a) Probability density of obtaining a value B.
Different curves are related to an increasing number of settings (2,3,4) performed in stations A and C. b) Probability violation
with respect to visibility of the Werner states $AB and $BC for the same cases.
mental data. It can be noticed that the orange triangle
(corresponding to the identity transformation) exhibits
a minimal violation of the bilocality inequality. In or-
der to have a maximal violation (instead of a minimum
point) in correspondence of the identity transforma-
tion, it is necessary to perform the measurements triad
{σx, σy σz} in station BC and {(σx + σz)/
√
2, σy, (σx −
σz)/
√
2} in station C (or viceversa). However, we con-
sidered a case where there is no clue at all about the
possible reference frames’ shift, and all rotations have
equal probability. In this situation, the most reason-
able choice was performing the three orthogonal triads
{σx, σy σz} in both stations, also lowering the experi-
mental demands.
No shared reference frames at all - Numerical analysis
of this case was also performed. This time we have 6
independent variables associated to the relative shifts
between A, BA and C, BC, analogously to the previous
case. We performed several independent simulations,
testing an increasing population of N random shifts.
Our conclusions are shown in Fig. 7. Fig. 7-a shows the
clear convergence of the mean violation to the value of〈B3333〉 ∼ 1.297, while Fig. 7-b gives reasonable evi-
dence of the asymptotic lower bound min(B3333) = 1.
This asymptotic bound is, indeed, exactly what we ex-
pect considering that the inequality 10 is not strict any-
more in case all reference frames are aligned.
Absence of local calibration - We numerically studied
the case when neither shared reference frames nor local
calibration are ensured. We analyzed the cases when
stations A and C perform 2, 3 or 4 measurements, con-
sidering each time a population of N = 2 · 105 runs.
Fig. 8-a shows the probability density associated to a
value of B. This function is obtained grouping the re-
sults of the N runs in 200 bins dividing the interval
0 ≤ B ≤ √2. Curves with different colors are referred
to an increasing number of measurements performed in
stations A and C.
Fig. 8-b shows instead the variation of the viola-
tion probability with respect to the noise parameter
V =
√
vABvBC. This figure is obtained integrating the
probability densities of Fig. 8-a from 1/V to
√
2. As
we can see, increasing the number of measurements
quickly makes the violation stronger to noise. This
scheme, however, relies on the exploitation of an higher
number of measurements in stations A and C. It is
reasonable, however, to guess that increasing also the
measurements performed in substations BA and BC, a
stronger resistance of violation probability against noise
can be obtained.
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